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Abstract—In this paper, we presented path tracking error
comparison between two navigation schemes for underwater
glider that combine path planning and a path tracking controller.
Path planning is performed with the time-averaged ﬂow ﬁeld
for both schemes, while path tracking is performed with the
instantaneous or the time-averaged ﬂow ﬁeld. Mathematical
analysis and numerical simulation show that performing path
tracking control with instantaneous ﬂow results in smaller path
tracking error when the strength of spatially varying ﬂow is small
compared to glider speed, while it leads to larger path tracking
error if spatially varying ﬂow is the same order as the glider
speed. Performing path tracking control with instantaneous ﬂow
leads to less path tracking error when the spatially varying ﬂow is
of relatively high frequency, but it produces larger path tracking
error if the spatially varying ﬂow is of low frequency. Simulated
experiments near Cape Hatteras, NC show that in this speciﬁc
region, performing path tracking control with instantaneous ﬂow
results in less path tracking error, which is consistent with the
analytical result.

I. I NTRODUCTION
Underwater gliders are moving robotic sensing platforms
[1] that are able to perform persistent surveying missions in
the ocean for data collection [2]–[4]. They take advantage of
buoyancy and attitude to move through the water column [5]–
[8], surfacing at deﬁned intervals to communicate with the
onshore dockserver to receive mission updates and commands.
Control and navigation of underwater gliders can be
achieved through a combined path planning and path tracking control scheme. Path planning designs an optimal path
connecting the glider’s current position with the destination
position. Then, a path tracking controller computes a series
of steering angle that drives the glider to follow the designed
optimal path. Flow canceling strategy was introduced in [9]
to track, or follow, the path. It computes the steering angle to
cancel the ﬂow component orthogonal to the heading direction,
such that at each timestep, the addition of glider speed and
ﬂow velocity coincides with the predeﬁned heading direction.
In order to perform this glider control scheme, ﬂow prediction of high accuracy and resolution is a necessity. The
path planning algorithm requires ﬂow prediction data from the
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present time to the time when glider reaches the destination
(usually at the timescale of days or weeks), while the path
tracking controller requires a prediction of ﬂow over just one
diving/surfacing interval (usually 3-6 hours). Operationally, a
12-24 hour prediction provides a failsafe should the glider miss
a surfacing. Operational ocean models typically publish 24-96
hour forecasts, with model error increasing with the length
of the forward prediction, due to missing physics in a model,
errors in the model forcing terms and boundary conditions
[10], [11]. In our previous paper [12], we proposed using
the time-averaged temporally-invariant ﬂow map as input to
the path planning algorithm, and then used either the timeaveraged or instantaneous ﬂow map as input to the path
tracking controller. Assuming that the instantaneous ﬂow ﬁeld
consists of only temporal variability, a comparison on path
tracking error and travel time of the two control schemes was
presented.
In this paper, we will further extend our prior discussion
[12]. Instead of considering only the temporal variability as in
the previous work, we provide path tracking error comparison
results in a ﬂow ﬁeld containing both spatial and temporal
variability. Assuming that the ﬂow ﬁeld can be modeled by the
sum of a spatially varying ﬂow component and a temporally
varying ﬂow component, the goal of this paper is to compare
the path tracking error of using the instantaneous ﬂow and the
time-averaged ﬂow ﬁeld for path tracking controller. Both the
spatial and temporal variability of the ﬂow ﬁeld are modeled
by sinusoidal function, chosen to represent tidal variability in
time and a generalized scale for spatial variability. The crosstrack path tracking error dynamics is analyzed, and the path
tracking error of using the two control schemes is computed
and compared numerically in different ﬂow conditions.
The novelty of this paper lies in that we provide a method to
select a controller that reduces path tracking error in the case
where the ﬂow prediction input to path planning controller
is unavailable. Previous work has analyzed the evolution of
path tracking error given a biased ﬂow map [13], [14], but in
this study, no speciﬁc ﬂow map prediction is assumed to be
known, except for the periodic feature of the ﬂow ﬁeld. This
proposed scheme would be helpful to the study of control and
navigation of underwater gliders in the case where no accurate
ﬂow prediction is available.
The rest of the paper is organized as follows. The problem is formulated in Section II. The analysis and numerical
simulation on path tracking error comparison of the two

control schemes are presented in Section III. In Section IV, a
simulation example of glider path tracking error comparison
using the two control scheme is shown. Finally, Section V
presents the conclusions based on the results of mathematical
analysis and simulated experiment.
II. P ROBLEM F ORMULATION
In this work, we consider a slow-moving underwater glider
traveling over a large temporal and spatial scale. Therefore,
details of the vehicle kinematics can be ignored, and a simple
kinematic model is used to represent glider dynamics:
ẋ = F(x, 𝑡) + u(x, 𝑡),

(1)

where the state x(𝑡) = [𝑥1 (𝑡), 𝑥2 (𝑡)]𝑇 ∈ ℝ2 represents
glider horizontal position. F : ℝ2 × [𝑡0 , 𝑡1 ] → ℝ2 denotes
a temporally and spatially varying ﬂow ﬁeld, and u(x, 𝑡)
describes glider through-water velocity.
The goal of this paper is that, given a feasible and timeoptimal path planned in the time-averaged ﬂow ﬁeld, we can
select a path tracking controller between two candidates to
drive a glider through a spatially and temporally varying ﬂow
ﬁeld to follow the designed path and reach the goal point with
reduced path tracking error compared to the other one.
A. Path planning and path tracking strategy
We denote the planned path as {z𝑖 }𝑖∈{1,2,...,𝑃 } ∈ ℝ2 , and
assume that the planned path is feasible for a glider to travel
on in the time-averaged ﬂow ﬁeld. A path is deﬁned as feasible
if at each timestep, there exists a steering angle that can drive
the glider to go from the current position on the path, z𝑖 , 𝑖 ∈
1, 2, ..., 𝑃 − 1, to reach the next position, z𝑖+1 in ﬁnite time.
In this work, the path planning algorithm is performed with
the time-averaged ﬂow ﬁeld. Since in the experiments, the
lunar semidiurnal 𝑀2 tide is signiﬁcant, averaging is taken
over two times the 𝑀2 period (12.42 hours). The time averaged
ﬂow ﬁeld is denoted as F̄(x, 𝑡).
The ﬂow canceling strategy is used to design the glider
steering angle to follow a series of heading directions under
the inﬂuence of ﬂow. Here the series of heading directions is
given by the planned path. Let T be a unit vector describing
the heading direction, then it can be described by the tangent
direction of the planned path. The cross-track direction is
deﬁned as N = JT, where J is the 90∘ rotation matrix.
The ﬂow canceling strategy chooses a glider steering angle
by trying to cancel the cross-track ﬂow to maintain the heading
angle. However, if the cross-track ﬂow speed is larger than
the glider speed at certain time and position, then glider speed
will be assigned to cancel the cross-track ﬂow, in order to
minimize its deviation in directed heading. Considering the
above two cases, the ﬂow canceling strategy can be written as
the following equations:
√
u(x, 𝑡)𝑇 T = 𝛼2 − (𝑠𝑎𝑡𝛼 (F(x, 𝑡)𝑇 N))2 ,
(2)
u(x, 𝑡)𝑇 N = −𝑠𝑎𝑡𝛼 (F(x, 𝑡)𝑇 N),
where 𝛼 denotes glider through water speed, 𝑠𝑎𝑡𝑐 (⋅) denotes
a saturation function 𝑠𝑎𝑡𝑐 : ℝ → [−𝑐, 𝑐].

B. Path tracking error
We consider a simulated virtual glider with initial position
same as the real glider, and is also navigated by ﬂow canceling
strategy to follow the planned path. We assume that the
simulated glider is moving in the time-averaged ﬂow ﬁeld
F̄ : ℝ2 × [𝑡0 , 𝑡1 ] → ℝ2 . The dynamics for the simulated glider
is described as
ż = F̄(z, 𝑡) + u(z, 𝑡),

(3)

where z ∈ ℝ2 denotes horizontal position of the simulated
glider. Path tracking error e(𝑡)𝑇 N is deﬁned as the difference
between glider position x(𝑡) and simulated glider position
z(𝑡) projected onto the cross-track direction. Thus the error
dynamics can be described as follows:
ė(𝑡)𝑇 N = (F(x, 𝑡) + u(x, 𝑡) − F̄(z, 𝑡) − u(z, 𝑡))𝑇 N, (4)
with initial condition e(0)𝑇 N = 0.
Note that since the path planning method guarantees to
generate feasible path, the glider speed is able to completely
cancel the time-averaged ﬂow speed in the cross-track direction, F̄(z, 𝑡) + u(z, 𝑡) = 0. Thus, the path tracking error
dynamics in (4) can be simpliﬁed as
ė(𝑡)𝑇 N = (F(x, 𝑡) + u(x, 𝑡))𝑇 N.

(5)

III. PATH T RACKING E RROR E STIMATION
In this section, we will derive path tracking error of using
instantaneous ﬂow and time-averaged ﬂow as input to ﬂow
canceling controller. We denote the starting and goal position
as rs = [𝑥𝑠1 , 𝑥𝑠2 ]𝑇 , rd = [𝑥𝑑1 , 𝑥𝑑2 ]𝑇 , respectively. In order to
simplify the analysis, we assume that 𝑥𝑠1 = 𝑥𝑑1 , 𝑥𝑠2 < 𝑥𝑑2 .
The ﬂow ﬁeld F(x, 𝑡) is represented by the sum of a spatially varying function and a temporally varying function. We
use F̄(x) = [𝑎𝑟 cos 𝜔𝑟 𝑥1 , 0]𝑇 to model the spatially varying
ﬂow component; the wavelength 𝜔2𝜋𝑟 represents a characteristic
scale of spatial variability. The temporal variability of the
ocean ﬂow is modeled as a sinusoidal function with the 𝑀2
period, F𝑡 (𝑡) = [𝑎𝑡 cos 𝜔𝑡 𝑡, 0]𝑇 .
Since path planning is performed with the time-averaged
ﬂow ﬁeld F̄(x), the time-optimal path in this ﬂow ﬁeld is
a straight line connecting the starting position with the goal
position [15]. The along-track direction is T = [0, 1]𝑇 , and
the cross-track direction is N = [1, 0]𝑇 . The along-track ﬂow
speed is 0 along the planned path, and the cross-track ﬂow
speed at glider position x at time 𝑡 can be described as
F(x, 𝑡)𝑇 N = (F̄(x) + F𝑡 (𝑡))𝑇 N
= 𝑎𝑟 cos 𝜔𝑟 𝑥1 (𝑡) + 𝑎𝑡 cos 𝜔0 𝑡.

(6)

Let us consider the path tracking error in the following two
cases of performing path tracking control with the instantaneous ﬂow and time-averaged ﬂow. For each of the cases, two
sub-cases are considered.

A. Case 1: Performing path tracking control with instantaneous ﬂow ﬁeld
In this case, according to (2), the glider’s cross-track
through-water speed can be described as
u(x, 𝑡)𝑇 N =
⎧
−𝛼


⎨
𝛼
−𝑎

𝑟 cos 𝜔𝑟 𝑥1

⎩
−𝑎𝑡 cos 𝜔𝑡 𝑡

if 𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 > 𝛼
if 𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 < −𝛼

(7)

.

otherwise

Let us compute the path tracking error in the following two
ﬂow sub-cases.
a) Glider speed always larger than instantaneous ﬂow
speed. In this case, 𝑎𝑟 + 𝑎𝑡 ≤ 𝛼. Thus the glider’s speed
is always able to cancel the instantaneous cross-track ﬂow
speed that glider experiences along its trajectory. Therefore,
path tracking error is always zero along the trajectory.
b) The instantaneous ﬂow speed is comparable to glider
speed. In this case, 𝑎𝑟 ≤ 𝛼 ≤ 𝑎𝑟 + 𝑎𝑡 . With the glider
cross-track through water speed described in (7), and the path
tracking error dynamics represented by (5), the path tracking
error growth follows
ė(𝑡)𝑇 N =
⎧
𝑎𝑟 cos 𝜔𝑟 𝑥1




⎨ +𝑎𝑡 cos 𝜔𝑡 𝑡 − 𝛼
𝑎𝑟 cos 𝜔𝑟 𝑥1


+𝑎𝑡 cos 𝜔𝑡 𝑡 + 𝛼


⎩
0

if 𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 > 𝛼
if 𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 < −𝛼
otherwise

.

(8)
In this case, it is difﬁcult to compute e(𝑡)𝑇 N by integrating
its derivative. Instead, we will use numerical simulation to
compute e(𝑡)𝑇 N, and compare with Case 2 in III-C.
B. Case 2: Performing path tracking control with timeaveraged ﬂow ﬁeld
In this case, according to (2), the glider’s cross-track
through-water speed can be described as
u(x, 𝑡)𝑇 N =
⎧
⎨ −𝛼
−𝑎𝑟 cos 𝜔𝑟 𝑥1
⎩
𝛼

if 𝑎𝑟 cos 𝜔𝑟 𝑥1 > 𝛼
if − 𝛼 < 𝑎𝑟 cos 𝜔𝑟 𝑥1 ≤ 𝛼 .
if 𝑎𝑟 cos 𝜔𝑟 𝑥1 ≤ −𝛼

(9)

Similarly, let us look at the following two ﬂow ﬁeld subcases in order to compute the path tracking error.
a) Glider speed always larger than instantaneous ﬂow
speed. In this case, glider speed is always able to cancel the
cross-track time-averaged ﬂow speed along its trajectory. In
this case, 𝑎𝑟 + 𝑎𝑡 ≤ 𝛼. According to the through-water glider
speed described in (9) and the error dynamics represented by
(5), the path tracking error dynamics in this sub-case is
ė(𝑡)𝑇 N = 𝑎𝑡 cos 𝜔𝑡 𝑡.

(10)

Then the path tracking error can be computed by integration:
𝑎𝑡
sin 𝜔𝑡 𝑡.
(11)
e(𝑡)𝑇 N =
𝜔𝑡

Therefore in this case the path tracking error is bounded by
𝑎𝑡
𝜔𝑡 .
b) The instantaneous ﬂow speed is comparable to glider
speed. In this case, 𝑎𝑟 ≤ 𝛼 ≤ 𝑎𝑟 + 𝑎𝑡 . With (9)and (5), the
path tracking error dynamics in this sub-case can be derived
as
ė(𝑡)𝑇 N =
⎧
⎨ 𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 − 𝛼 if 𝑎𝑟 cos 𝜔𝑟 𝑥1 > 𝛼
𝑎𝑟 cos 𝜔𝑟 𝑥1 + 𝑎𝑡 cos 𝜔𝑡 𝑡 + 𝛼 if 𝑎𝑟 cos 𝜔𝑟 𝑥1 < −𝛼 .
⎩
otherwise
𝑎𝑡 cos 𝜔𝑡 𝑡
(12)
Due to the difﬁculty of computing e(𝑡)𝑇 N from its derivative, we will use numerical simulation to compute the path
tracking error in III-C.
C. Path tracking error comparison
This part of the section will compare path tracking error
of using path tracking controller with instantaneous ﬂow and
time-averaged ﬂow ﬁeld.
a) Glider speed always larger than instantaneous ﬂow
speed. In this case, performing ﬂow canceling algorithm with
the instantaneous ﬂow ﬁeld results in zero path tracking error,
while performing ﬂow canceling algorithm with the timeaveraged ﬂow ﬁeld results in path tracking error bounded
by 𝜔𝑎𝑡𝑡 . Therefore, path tracking error is bounded if either
instantaneous ﬂow ﬁeld or time-averaged ﬂow ﬁeld is the
input for path tracking controller, but is minimized when using
instantaneous ﬂow for path tracking control.
b) The instantaneous ﬂow speed is comparable to glider
speed. In this case, we will compare path tracking error
of using the two ﬂow maps for path tracking controller by
numerical simulation. Speciﬁcally, we will study how the path
tracking error changes with respect to different 𝑎𝛼𝑟 , 𝑎𝛼𝑡 and
𝜔𝑟 , and then determine if using the two control schemes
result in bounded path tracking error. Note that we let 𝜔𝑡 =
2𝜋
12.42∗3600 (𝑟𝑎𝑑/𝑠) to represent the 𝑀2 tidal component.
First let us consider how path tracking error is affected
by the strength of spatially and temporally varying ﬂow
components relative to vehicle speed. Denote the amplitude
of spatially varying ﬂow component normalized by glider’s
speed as 𝜌 = 𝑎𝛼𝑟 , and the amplitude of temporally varying ﬂow
component normalized by glider’s speed as 𝛾 = 𝑎𝛼𝑡 , 𝜌, 𝛾 ∈
[0, 1]. Fig. 1 shows how the path tracking error varies for
different 𝜌 and 𝛾 values under the two control schemes, with
2𝜋
𝜔𝑟 = 10
4 (𝑟𝑎𝑑/𝑚) to represent a 10 km wavelength. In this
ﬁgure, each grid cell in the domain represents a combination
of 𝜌 and 𝛾; color of each cell describes the maximum absolute
path tracking error along glider trajectory under this ﬂow
setting. Fig. 1a shows that path tracking error always stays
zero if 𝑎𝛼𝑡 + 𝑎𝛼𝑟 ≤ 1 under the ﬁrst control scheme. This is
consistent with the result presented in Sub-case 1 of III-A.
The path tracking error becomes larger than zero as 𝜌 + 𝛾 gets
larger than one. It reaches its maximum when 𝜌 = 𝛾 = 1.
Similarly, Fig. 1b describes path tracking error growth when
path tracking is performed with time-averaged ﬂow map. In
this case, the bound of path tracking error is only changing
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(a) Case 1. Path tracking error of performing
ﬂow canceling strategy with instantaneous
ﬂow ﬁeld in 24 hours. Path tracking error
unit is meter.
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(c) Sign of the difference between path tracking error of using instantaneous ﬂow for path
tracking controller and using time-averaged
ﬂow for path tracking controller.

Fig. 1: Numerical simulation showing how path tracking error changes with respect to 𝜌 and 𝛾. 𝜌 and 𝛾 represent the strength
of spatially and temporally varying ﬂow components normalized by glider speed.

2500
Case 1
Case 2

2000

Path tracking error (m)

with 𝛾, but is not changing with respect to 𝜌. This result is
also consistent with the discussion in Sub-case 1 of III-B.
Fig. 1c shows the sign of the difference between path
tracking error of using instantaneous and time-averaged ﬂow
map for path tracking controller. From Fig. 1c, using timeaveraged ﬂow map results in a smaller path tracking error in a
small region where 𝜌 ≈ 1, while using instantaneous ﬂow map
leads to smaller path tracking error in other area of the domain.
When 𝛾 = 0, there is no tidal component in the domain, thus
the instantaneous ﬂow is the same as the time-averaged ﬂow
ﬁeld, and the difference between path tracking error in the two
cases is zero.
Then let us consider how the wavelength of spatial variability affects path tracking error. Fig. 2 represents how 𝜔𝑟
affects path tracking error when using instantaneous ﬂow map
and time-averaged ﬂow map for path tracking controller. The
wavelength is changing from 200 m to 10 km. Glider travels
approximately 4 km in one diving-surfacing interval, so the
wavelength of spatial variability is one magnitude less than or
comparable to the distance glider travels in one lag. From the
ﬁgure, in case 1, path tracking error decreases as 𝜔𝑟 increases
for all 𝜌, 𝛾 ∈ [0, 1], while it stays constant as 𝜔𝑟 increases
for all 𝜌, 𝛾 in case 2. Using path tracking controller with the
time averaged map results in smaller path tracking error when
the spatial variation wavelength is comparable to the distance
glider travels in one lag, while using path tracking controller
with the instantaneous ﬂow ﬁeld leads to smaller path tracking
error if the wavelength is signiﬁcantly smaller than the distance
glider travels in one interval.
From the above discussion, we have the following conclusions:
1) Value of 𝜌, 𝛾, 𝜔𝑟 affects the bound of path tracking error
if path tracking control is performed with the instantaneous
ﬂow ﬁeld; only 𝛾 affects the bound of path tracking error if
path tracking control is performed with the time-averaged ﬂow
ﬁeld.
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Fig. 2: Numerical simulation showing how the maximum path
tracking error in 24 hours changes with respect to 𝜔𝑟 when
using instantaneous ﬂow ﬁeld for ﬂow canceling controller
(case 1) and when using time-averaged ﬂow ﬁeld for ﬂow
canceling controller (case 2). In the ﬁgure, each of the lines
represents how path tracking error evolves with the respect to
𝜔𝑟 with a speciﬁc 𝜌, 𝛾 ∈ [0, 1].
2) Performing ﬂow canceling control with time-averaged
ﬂow ﬁeld results in less path tracking error in the case
where the strength of the spatially varying ﬂow component
is near glider speed, or in the case where the wavelength
of spatial variability is relatively large. Otherwise, using the
instantaneous ﬂow ﬁeld for path tracking control will result in
less path tracking error.
IV. S IMULATION R ESULTS
The goal for the simulated experiment is to demonstrate
the path tracking performance of using both instantaneous
and time-averaged ﬂow ﬁeld for path tracking controller for
a simulated glider deployment near Cape Hatteras, NC. Input
for path planning and path tracking is given by a HF Radar
(High Frequency Radar) product made available by Dana

TABLE I: Identiﬁed parameters for the spatial and temporal
variation functions of the cross-track ﬂow.
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Fig. 3: Simulated glider trajectory of performing path tracking control with instantaneous ﬂow ﬁeld (case 1) and with
time-averaged ﬂow ﬁeld (case 2). The measured ﬂow ﬁeld
represents time-averaged ﬂow of HF Radar measurement, and
the modeled ﬂow ﬁeld shows the ﬁtted spatial variability of
the ﬂow ﬁeld.
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Savidge (Skidaway Institute of Oceanography, University of
Georgia) and Sara Haines (University of North Carolina at
Chapel Hill) that combines long range CODAR and nested
high resolution WERA radials, and computes a least squares
ﬁt at approximately 5 − 6 km resolution. We choose a 36
hour experimental window starting at May 2, 2018 at 12:00
UTC. In the experiment, glider is traveling offshore towards
the East, with horizontal through-water speed assigned as
0.3 m/s. In Fig. 3, the starting and goal positions of the
simulation are shown as red triangle and red star in the ﬁgure.
The blue curve represents the time-optimal path planned in
the ﬁrst 25 hours (approximately twice the 𝑀2 period) time
averaged ﬂow ﬁeld using the Level Set Method [16]. The two
trajectories are generated by performing path tracking control
with instantaneous ﬂow ﬁeld and the 25 hours time-averaged
ﬂow ﬁeld, respectively. The experiment shows that using the
time-averaged ﬂow map results in larger path tracking error.
In order to verify whether the simulation result is consistent
with analytical discussion, the cross-track ﬂow speed along
the planned path is ﬁtted into the sinusoidal model proposed
in Section III. Since the planned path is almost a straight line
pointing to the East, the cross-track ﬂow speed is approximated
by the N-S ﬂow speed. The temporal average is taken over a
25 hour window, and the residual, or difference between the
full signal and the average, describes the temporal variability.
Spatial and temporal ﬂow parameters are estimated from
the temporal average and the temporal variation data using
nonlinear regression [17], and are shown in Table I. The
regression ﬁt to spatial variability of the ﬂow ﬁeld is plotted
on Fig. 4. The identiﬁed 𝜔𝑟 , 𝜔𝑡 , 𝑎𝑡 , 𝑎𝑟 , and also the value
of 𝜌, 𝛾 computed from the identiﬁed parameters are listed in
Table I. 𝜔𝑟 of 2.287 × 10−4 corresponds to a wavelength of
approximately 27 km, which is consistent with the scale of
spatial variability in both the cross-track ﬂow and simulated
glider position in 3. Comparing 𝜌, 𝛾, 𝜔𝑟 from simulation to
Fig. 1c, 2, these parameters fall in the region where using the
instantaneous ﬂow ﬁeld results in less path tracking error than
using the time-averaged ﬂow ﬁeld for path tracking control.
Therefore, the simulated experiment results is consistent with
the analytical discussion.
From both the numerical simulation and the experiment,
considering glider deployment in speciﬁc regions, we have
the following conclusions:
1) In regions where the instantaneous ﬂow speed does not
exceed glider speed, it is more preferred to use instantaneous
ﬂow for ﬂow canceling strategy.
2) In regions where the wavelength of spatially varying ﬂow
component is relatively small, using the instantaneous ﬂow
for ﬂow canceling strategy will result in less path tracking

Time averaged cross-track flow computed from HF Radar measurement
The identified spatial variation function
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Fig. 4: 25 hours time averaged cross-track ﬂow speed along
planned path v.s. distance to the starting position along the
planned path. Each of the solid lines is one sampling of crosstrack ﬂow at every four hours in the 36 hours experimental
window.

error. For example, for offshore deployment near Gulf Stream,
the spatially varying ﬂow component exhibit dramatic change
in very short distance. In this scenario, using ﬂow canceling
strategy with the instantaneous ﬂow will lead to less path
tracking error.
3) In regions where the instantaneous ﬂow exceeds glider
speed, and the spatially varying ﬂow component does not
exhibit periodicity of high frequency, using time-averaged
ﬂow map for path tracking control will lead to less path
tracking error. For example, for the inshore deployment near
Cape Hatteras, the instantaneous ﬂow can be comparable to
or exceeds glider speed, while the spatial variability exhibit
relatively small change over space. In this case, using time
averaged ﬂow map for path tracking will produce less path
tracking error.

V. C ONCLUSION
In this work, analytical discussion of path tracking error
comparison between performing path tracking control with
instantaneous ﬂow ﬁeld and time-averaged ﬂow ﬁeld is presented. We showed that in the case where the spatially varying
ﬂow of relatively high speed, using the time-averaged ﬂow
ﬁeld for path tracking control results in less path tracking error,
while using the instantaneous ﬂow ﬁeld results in less path
tracking error otherwise. Further, we have shown that the scale
of spatial variability matters for the choice of ﬂow map input
to path tracking controller. Performing path tracking control
with time-averaged ﬂow ﬁeld leads to less path tracking error
if the spatial variability is of very low frequency, while using
the instantaneous ﬂow ﬁeld for path tracking control will result
in less path tracking error in the case where spatial variability
has high frequency. The relative strength of the spatial and
temporal variability to vehicle speed can be used to guide the
choice of path tracking control scheme. Simulation results are
presented to support the analytical results.
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